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1. Mathematical Formulation

1.1. Defining uncertainty in context. This section is intended to introduce the
founding idea of how to make sense of such a concept of uncertainty and how it
relates to the consequent physical interpretation of the problem. Formally, for a
general operator Q̂ (which physically entails the measurement of some variable, say
Q, with units [Q] = q ), one can define its uncertainty as a measure of the spread
of measurements around the mean 〈Q〉. Consider a sequence of results (qn)n∈N .
For a fixed measurement qi, the uncertainty of Q is the square root of the average
(up to i measurements) of the square of the difference qi − 〈Q〉, as the number of

measurements grows indefinitely, i.e. (∆Q)2 = limN→∞
Nn

n (qn − 〈Q〉)2
. A useful

operator definition is (∆ΨQ)2 = 〈Q2〉Ψ − 〈Q〉2Ψ. Statistics allows a parameter time
to explain physically how energy, measurements and time are affected by each other.
Some proposals of what time is meant to signify are given.

1.2. Formal proof of the theorem.

2. How to conceptualise time in a Quantum Mechanical framework

Time is an important concept in Quantum Theory because its parameter is
axiomised, as Ψ = Ψ(t), for which the Time-Dependent Schrdinger Equation gives

Ψ(t) = e
−iHt

~ Ψ

Whether time is really an observable depends on which approach is taken. The
concept of external time refers to the measurement time, external to the system, in
such a way that the time measurement is not dynamically dependent on the system.
The uncertainty in this conception is thus arbitrary (and not bounded) as time is set
by all scales. The concept of intrinsic time, on the other hand, construes a measure
of how fast a physical system can undergo a change in a certain observable. Take a
certain nonstationary observable Q, about to be measured at a state Ψ. Between
two events, boundary inequalities can be obtained for a certain overall change of an
observable to exist. boundaries. The parameter time is thus a characteristic time
τΨ(Q). This idea is the one which will be fundamentally used in the proof. A third
conception time is postponed to section 6.

Date: October 8, 2012.

1



2 DAVID CARVALHO 1009780, UNIVERSITY OF WARWICK, DAVID.CARVALHO@WARWICK.AC.UK

3. Mathematical Formalism and Proof

Proposition 1. For a quantum mechanical system in a state Ψ, ∀Ψ ∈ H 1,
(∆E)Ψ(∆t)Ψ ≥ ~

2 .

The proof shall use intrinsic time and establish, otherwise known as the Mandelstam-
Tamn Relation. Let H = H(t) be the Hamiltonian of the system and ψ a wave-
function of the system and Q an observable. The state-dependent expected value
is denoted by 〈Q̂〉Ψ = 〈Q̂〉(Ψ).Let us then introduce an operator representing an
observable q, Q. Define the standard deviation of Q and H in a fixed state ψ as ∆Q
and ∆E, respectively. As both Q and H are operators, we may use the operator
uncertainty relation

(1) (∆Q)(∆E) ≥ 1

2
|〈[Q,H]〉|

Our goal is to relate the above inequality to to the uncertainty of time as Q
changes. Recall that the expected value is defined as 〈Q〉 =

∫
ψ∗Qψdτ . This

motivates the following proposition.

Proposition 2. For an operator Q not dependent explicitly on time, its rate of

change d
dt (〈Q〉) = [Q,H]

i~

Proof. Consider d
dt 〈Q〉 =

∫
∂
∂tψ
∗Qψdτ =

∫
(∂ψ

∗

∂t Qψ+ψ∗ ∂Q∂t ψ+ψ∗Q∂ψ
∂t )dτ = 〈∂Q∂t 〉+

i
h

∫
((Hψ)∗Qψ − ψ∗QHψ)dτ , since Hψ = i~∂ψ∂t by TDSE. Using the fact H is

Hermitian, i
~
∫
ψ∗HQψ − ψ∗QHψdτ = i

~
∫
ψ∗[H, Q]ψdτ . Substituting back in the

first equality yields d
dt 〈Q〉 = 〈∂Q∂t 〉 + i

~ 〈[H, Q]〉. As Q doesn’t depend explicity on

time, ∂Q
∂t = 0 and so d

dt 〈Q〉 = i
~ 〈[H, Q]〉. Multiplying throughout by i~ and noting

that [H, Q] = −[Q,H] gives the result. �

One can thus deduce that 1
2 |〈[Q̂,H]〉| = 1

2 |ih
d
dt 〈Q̂〉| =

h
2 |

d
dt 〈Q̂〉|.

Now, using the concept of intrinsic time, τΨ(Q) is defined as the time needed
for a small variation to the observable Q with velocity given by | ddt 〈Q〉| i.e. ∆Q =

| ddt 〈Q̂〉Ψ|τΨ(Q). This definition makes sense from a dimensional analysis point of
view too: [τΨ(Q)] = q

q
t

= t. Substituting the relation into 1 proves the assertion �

(2) ∆E∆t ≥ ~
2

4. Experimental Evidence

At an early stage of the TEUR, the relation was verified by means of a Stern-
Gerlach apparatus: measuring the accuracy of energy ∆E in atoms deflected by a
field for a time ∆t. Many other phenomena, such as the Casimir effect or the decay
of particles.

1H denotes a Hilbert Space and not the Hamiltonian.
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5. Historical approach to the proof

Suggested by Heisenberg in 1927, the position-momentum version of the Uncer-
tainty Principle was a result of an observation of an electron via a γ-ray microscope.
This yielded ∆x∆p ≈ ~, Max Born had derived the commutation relations of X̂ and
P̂ , namely [X̂, P̂ ] = −i~. The result was again retrieved. Heisenberg calculated
that, if such time operator T existed, it would follow the commutation relation
[E, T ] = −ih. Heisenberg thus assumed the same uncertainty principle for energy
and time. Such assertion was yet to be carefully justified. Pauli argued such oper-
ator T could not exist. Later on, in 1929, H.P. Robertson used Functional Analysis
and the theory of Hermitian Hilbert spaces to prove the operator inequality.

6. A time operator cannot exist

The third conceptualisation of time invokes time t as an observable of the sys-
tem and hence by Axiom 2 a variable endowed with a correspondent self-adjoint
linear operator T̂ . Pauli suspected that such operator wass bound to contradict the
Quantum formalism. The justification is due to the Stone-von Neumann Unique-
ness Theorem and some knowledge about Spectral Theory and Functional Analysis.
If any two operators satisfy the commutation relation [H, T ] = i~ - of being canon-
ically conjugate - then these can only be variations of the position and momentum
operators. Since Q̂ and P̂ are unbounded below and a physically fit Hamilton-
ian must be bounded below - semibounded, no theoretically-obtained self-adjoint
canonical time operator is generally found.

7. What is really the uncertainty?

The uncertainty in this problem might lead to some confusion if not properly
contextualised within the Quantum Mechanics formalism. The uncertainty in time
is not the same sort of uncertainty which is found when applying an operator to
a system but a measure of the average time taken for the expectation value of an
operator Q to change by its standard deviation, starting in a state ψ. This means
that ∆t is the shortest period of time for which a system in state ψ will experience
changes when applying Q. Certain models use this idea, such as the Bohn-Weigner
Uncertainty Relation. If time is treated as external, the dominant interpretation is
that the uncertainty in the measurement of the energy E of a system is related to
the time duration of the measurement. [1].
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